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1. Introduction
The neoclassical economic theory assumes that each individual makes choices by selecting, from each feasible set of al-
ternatives, those which maximize his own preference relation. The choice set, from a given potential set, is the set of
maximal elements under this preference relation (a preference relation is a special type of binary relation). But, the set
of maximal elements is often empty. A nice regularity condition to the above procedure for the construction of non-empty
choice sets is acyclicity. The classical results concerning maximality in acyclic binary relations are those of Bergstrom [6]
and Walker [23] which state that if an acyclic binary relation deﬁned on a topological space is upper semicontinuous, then
every compact subset of the underline space contains a maximal element. Campbell and Walker [10] assume stronger than
acyclic binary relations and obtain the existence of maximal elements on any compact subset of the underline space. The
result of Bergstrom and Walker is also generalized by Peris and Subiza [15], Mehta [14] and Subiza and Peris [22]. Alcantud
[1] relaxes the notion of compactness by introducing a general concept of upper compactness of a topological space on
which a binary relation is deﬁned and provides a characterization of the existence of maximal elements for acyclic binary
relations. This characterization is reﬁned by considering other suﬃcient conditions by Mehta [14] and Subiza and Peris [22].
However, in collective choice problems (ranking of social preferences, voting in committees, etc.) cyclicity1 is a plausible
assumption as for example the Condorcet Paradox shows. In this case, the choice set is often empty and it is important to
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1 When binary relations are not acyclic, theorems on the existence of maximal elements over compact subsets of Hausdorff topological vector spaces
have been used to obtain existence theorems for abstract economies. Debreu [11] and Arrow and Debreu [2] ﬁrst proved the existence of equilibria for
abstract economies with ﬁnitely many agents, ﬁnite dimensional strategy spaces and quasi-concave utility functions. These results have been generalized
in several directions: Sonnenschein [21] and Shafer and Sonnenschein [19] proved the existence of maximal elements on topological compact sets when
certain assumptions of convexity and continuity are satisﬁed. Borglin and Keiding [8] extended Debreu’s results to abstract economies with preferences
represented by correspondences that have open graph or open lower sections. Yannelis and Prabhakar [24] and Yannelis [25] gave a new existence proof
for equilibria in abstract economies, with an inﬁnite number of commodities and a countably inﬁnite number of agents.0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
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general solution theories, have been introduced. The most important of them include: (i) The Smith set and (ii) the Schwartz
set. The theory of the Smith and Schwartz sets begins with Smith [18] who introduced a generalization of the Condorcet
Criterion that is satisﬁed when pairwise elections are based on simple majority choices. He used the notion of dominant set:
Any candidate in this set is collectively preferred to any candidate not into this set. But Smith did not discuss the idea of a
smallest dominant set. Fishburn [12] narrowed Smith’s generalization of the Condorcet Criterion to the smallest dominant
set and called it Smith’s Condorcet Principle. Schwartz [17] discussed the Smith’s Condorcet Principle as a possible standard for
optimal collective choices and called it Generalized Top-Choice Assumption (GET CHA). Schwartz [17] gave another criterion
for constructing non-empty choice sets: The Generalized Optimal-Choice Axiom (GOCHA). The theory of optimal choice sets
encompasses an aspect of instability as they allow an outcome to be dominated and hence to be strictly preferred. The
theory of optimal choice sets puts this instability inside the solution. In contrast, other general solution theories leave the
instability outside the solution. Finally, the Smith and Schwartz sets are unique.
In this paper, we give a topological characterization of the existence of the Smith and Schwartz sets. This is done in a
general framework of upper compact spaces on which arbitrary binary relations satisfying general continuity conditions are
deﬁned. Our results generalize: (i) Corresponded results of the Smith set and the Schwartz set for asymmetric binary rela-
tions deﬁned in ﬁnite sets of alternatives; (ii) Most of the known results concerning (the characterization of) the existence
of maximal elements of binary relations on compact subsets of a given space of alternatives.
2. Notation and deﬁnitions
We ﬁrst give some deﬁnitions that we use throughout the paper. Let X be a (ﬁnite or inﬁnite) non-empty set of alter-
natives, and let R ⊆ X × X be a binary relation on X . We sometimes abbreviate (x, y) ∈ R as xRy. The complement of R
is denoted by Rc , that is for all x, y ∈ X , Rc = {(x, y) | (x, y) /∈ R}. We say that R on X is (i) irreﬂexive if we never have
(x, x) ∈ R; (ii) complete if for each x, y ∈ X , x = y we have xRy or yRx. Let P (R) and I(R) denote, respectively, the asym-
metric part of R and the symmetric part of R , which are deﬁned, respectively, by P (R) = {(x, y) ∈ X × X | (x, y) ∈ R and
(y, x) /∈ R} and I(R) = {(x, y) ∈ X × X | (x, y) ∈ R and (y, x) ∈ R}. M(R) denotes the elements of X that are R-maximal in X ,
i.e., M(R) = {x ∈ X | for all y ∈ X, yRx implies xRy}. The transitive closure of a relation R is denoted by R¯ , that is for all
x, y ∈ X, (x, y) ∈ R¯ if there exists k ∈N and x0, . . . , xK ∈ X such that x = x0, (xk−1, xk) ∈ R for all k ∈ {1, . . . , K } and xK = y.
Clearly, R¯ is transitive and, because the case K = 1 is included, it follows that R ⊆ R¯ . The binary relation R is negative con-
sistent if (x, y) ∈ Rc implies (y, x) ∈ R . A subset Y ⊆ X is an R-cycle if, for all x, y ∈ Y , we have (x, y) ∈ R¯ and (y, x) ∈ R¯ . We
say that R is acyclic if there does not exist an R-cycle. A subset A ⊆ X is R-undominated if and only if for no x ∈ A there is
a y ∈ X \ A such that yRx. The set A is R-dominant if and only if xRy for each x ∈ A and each y ∈ X \ A. An R-undominated
(R-dominant) set is minimal if none of its proper subsets has this property.
Let R be a binary relation deﬁned on a topological space (X, τ ). The relation R is upper semicontinuous if for each x ∈ X
the set {y ∈ X | xRy} is open. A subset A of X is R-lower (R-upper) set if x ∈ A and xRy (yRx) imply y ∈ A. The space
(X, τ ) is R-upper compact if for each collection of R-lower open sets which cover X there exists a ﬁnite subcollection that
also covers X . It is well known that if a ﬁnite set is endowed with the discrete topology, then every set is open. Thus, the
topological conditions and continuity assumptions posed for the inﬁnite case also hold in the ﬁnite case.
3. Smith’s and Schwartz’s general solution theories
Let Ω be a family of non-empty subsets of X that represents the different feasible sets presented for choice according
to a binary relation R . A choice function is a mapping that assigns to each choice situation a subset of it:
C : Ω → 2X such that for all A ∈ Ω, C(A) ⊆ A.
The traditional choice-theoretic approach takes behaviour as rational if for every non-empty subset A ∈ Ω , C(A) = M(R/A)
(M(R/A) denotes the elements of X that are R-maximal in A). To deal with the case where the set M(R/A) is empty,
Schwartz [17, Deﬁnition in p. 141] has proposed the following general solutions:
The Generalized Top-Choice Axiom (GET CHA): For each A ∈ Ω , C(A) is equivalent to the union of minimal R-dominated
subsets of A.
The Generalized Optimal-Choice Axiom (GOCHA): For each A ∈ Ω , C(A) is equivalent to the union of minimal R-undominated
subsets of A.
The Smith set (resp. Schwartz set) of R in A is the choice set which is composed of alternatives of A speciﬁed by the
GET CHA (resp. GOCHA) condition according to R .
Generally, to characterize the existence of non-empty choice sets, the standard approach, is to assume acyclic and upper
semicontinuous binary relations over compact sets of alternatives. In such case, a non-empty choice set (the set of maximal
elements with respect to a binary relation) exists. A number of more general concepts of continuity have been introduced
in the literature in connection with the problem of the existence of maximal elements. Alcantud [1] deﬁnes that an acyclic
binary relation R on a topological space (X, τ ) is upper tc-semicontinuous, if for each x ∈ X the set {y ∈ X | xR¯ y} is open.
It is obvious that upper semicontinuity implies upper tc-semicontinuity. On the other hand, R is upper tc-semicontinuous
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authors use this alternative expression for upper tc-semicontinuity; see, e.g., Subiza and Peris [22], where that property is
called lower quasi-continuity. Andrikopoulos [3] extends the notion of upper tc-semicontinuity in non-acyclic binary relations
as follows: R is generalized upper tc-semicontinuous if for each x ∈ X , the set {y ∈ X | xP (R¯)y} is open. Zhou and Tian [26]
use a condition that they call transfer continuity which states that whenever xRy there exists a x′ ∈ X and a neighbourhood
N(y) of y such that x′Rz for each z ∈ N(y). This condition was used by Sonnenschein [21] to prove the existence of
maximal elements for relations (not necessarily acyclic) satisfying a convexity condition. Subiza and Peris give an example
[22, Example 2] which shows that transfer continuity and lower quasi-continuity are independent properties. They also give
a kind of continuity that generalizes both lower quasi-continuity and transfer continuity. According to this generalization,
R is transfer lower quasi-continuous (or equivalently transfer upper tc-semicontinuous) [22, Deﬁnition 3] if, whenever xRy,
there is x′ and a neighbourhood N(y) of y such that x′ R¯z for all z ∈ N(y). Other interesting notions of transfer continuity
have been given by Rondríguez-Palmero and García-Lapresta [16]. According to these authors, a binary relation R deﬁned
on a topological space (X, τ ) is transfer irreﬂexive (resp. acyclic or transitive) lower continuous if whenever R(x) = ∅, there
exists y ∈ X and a neighbourhood of x, N(x), such that zR¯ y ⇒ zRt (resp. zR¯ y ⇒ zR¯t or zRy ⇒ zRt) for all z ∈ X and all
t ∈ N(x). The authors obtain the existence of maximal elements for irreﬂexive, acyclic and transitive binary relations deﬁned
on compact topological spaces in a more general framework.
We now introduce the concept of a generalized transfer upper tc-semicontinuous binary relation on a topological space
(X, τ ).
Deﬁnition 1. Let (X, τ ) be a topological space and let R be a binary relation deﬁned on X . Then, R is said to be generalized
transfer upper tc-semicontinuous if, whenever xP (R¯)y, there exists a point x′ and an R-lower open neighbourhood N(y) of y
such that x′P (R¯)z for all z ∈ N(y).
Clearly, generalized upper tc-semicontinuity implies generalized transfer upper tc-semicontinuity. On the other hand,
it is easy to check that in irreﬂexive and transitive (resp. acyclic) binary relations transfer irreﬂexive (resp. acyclic) lower
continuity implies generalized transfer upper tc-semicontinuity.
Now, we proceed with the main result of this paper, namely, with the characterization of the existence of the Schwartz
set.
Theorem 1. Let R be a binary relation on X. The following conditions are equivalent:
(i) the Schwartz set of R in X is non-empty,
(ii) there exists a compact topology τ on X such that R is generalized transfer upper tc-semicontinuous,
(iii) there exists an R-upper compact topology τ on X such that R is generalized transfer upper tc-semicontinuous.
Proof. (i) ⇒ (ii). Suppose that the Schwartz set of R in X is non-empty. Let τ be the excluded set topology generated by the
Schwartz set of R in X [13, p. 48] (it has as open sets all those subsets of X which are disjoint from the Schwartz set of R
in X , together with X itself). Then, X is compact under τ since every open cover of X includes X itself. Hence, {X} is always
a ﬁnite subcover. It remains to prove that R is generalized transfer tc-upper semicontinuous. Since generalized tc-upper
semicontinuity implies generalized transfer tc-upper semicontinuity, we prove that for each x ∈ X the sets {y ∈ X | xP (R¯)y}
are open in τ . By deﬁnition, the Schwartz set of R in X is equivalent to the union of all minimal R-undominated subsets
of X . Suppose that D is the family of all minimal R-undominated subsets of X . To prove that for each x ∈ X , the sets
{y ∈ X | xP (R¯)y} are open in τ , it suﬃces to show that {y ∈ X | xP (R¯)y} ∩⋃D = ∅ holds. We have two cases to consider:
(a) x /∈⋃D; (b) x ∈⋃D. In the ﬁrst case, we show that for each y ∈⋃D there holds (x, y) /∈ P (R¯). Indeed, suppose to the
contrary that (x, y0) ∈ P (R¯) ⊆ R¯ for some y0 ∈ D and D ∈⋃D. It then follows that, there exists a natural number n and
alternatives y1, y2, . . . , yn−1, yn such that xRy1 · · · yn−1RynRy0. Therefore, yn ∈ D , for suppose otherwise: since y0 ∈ D , we
cannot have ynRy0. Similarly, yn−1 ∈ D , and an induction argument based on this logic yields x ∈ D ⊆⋃D, a contradiction.
The last contradiction shows that {y ∈ X | xP (R¯)y} ∩⋃D = ∅. To prove the second case above, let x ∈ D for some D ∈ D.
Suppose that xP (R¯)y for some y ∈ D ′ and D ′ ∈ D. Since (x, y) ∈ R¯ , as in case (a), we conclude that x ∈ D ′ . Thus, D ∩ D ′ = ∅.
It follows that D = D ′ . Put Ay = {t ∈ D | (y, t) ∈ R¯}. We have that Ay = ∅, because otherwise, for each t ∈ D , (y, t) /∈ R¯ ⊇ R ,
which implies that D \ {y} ⊂ D is an R-undominated subset of X , a contradiction because of the minimal character of D . Let
D0 = D \ Ay . We now show that D0 = ∅. We proceed by contradiction. Suppose that D0 = ∅. Then, for each t ∈ Ay and each
s ∈ D0 we have (t, s) /∈ R for suppose otherwise, (t, s) ∈ R implies that (y, s) ∈ R¯ contradicting s ∈ D0. Therefore, D0 ⊂ D
is an R-undominated subset of X , again a contradiction. Hence, Ay = D . But then, since x ∈ D we conclude that (y, x) ∈ R¯
which contradicts xP (R¯)y. Hence, again {y ∈ X | xP (R¯)y} ∩⋃D = ∅.
(ii) ⇒ (iii). It is evident.
(iii) ⇒ (i). Suppose that τ is R-upper compact on X and that R is generalized transfer upper tc-semicontinuous. We
prove that the Schwartz set of R in X is non-empty. To show this, we prove that there exists x0 ∈ X such that for each
y ∈ X we have (y, x0) /∈ P (R¯) (see [4, Theorem 19]). Indeed, suppose to the contrary that for every x ∈ X there exists y ∈ X
such that yP (R¯)x. Since the space is generalized transfer upper tc-semicontinuous, there exists y(x) ∈ X and an R-lower
open neighbourhood N(x) of x which satisﬁes y(x)P (R¯)z for every z ∈ N(x). Thus,
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⋃
x∈X
N(x).
Since the space is R-upper compact, there exist {x1, . . . , xn} such that
X =
⋃
i∈{1,...,n}
N(xi).
Consider the ﬁnite set {y(x1), . . . , y(xn)}. Then, for each x ∈ X =⋃{N(xi) | i = 1, . . . ,n} there exists i ∈ {1, . . . ,n} such that
y(xi)P (R¯)x. Since y(x1) ∈ X , it follows that y(xi)P (R¯)y(x1) for some i ∈ {1, . . . ,n}. If i = 1, then we have a contradiction.
Otherwise, call this element y(x2). We have y(x2)P (R)y(x1). Similarly, y(x3)P (R¯)y(x2)P (R¯)y(x1). As {y(x1), . . . , y(xn)} is
ﬁnite, by an induction argument based on this logic, we obtain the existence of a P (R¯)-cycle. This last conclusion contradicts
the acyclicity of P (R¯). Hence, there exists x0 ∈ X such that for each y ∈ X , (y, x0) /∈ P (R¯). If x0 is R-undominated, then x0
belongs to the Schwartz set of R in X . Otherwise, there exists y ∈ X such that (y, x0) ∈ R ⊆ R¯ . It follows that (x0, y) ∈ R¯ .
Thus, x0 belongs to an R-cycle in X . Let K(x0) be the R-cycle containing x0 that is maximal in the sense that it is not a
proper subset of any other R-cycle (the existence of such an R-cycle is guaranteed by the Lemma of Zorn). We prove that
K(x0) is a minimal R-undominated set in X . Suppose to the contrary, that (p,q) ∈ R for some p ∈ X \K(x0) and q ∈ K(x0). It
follows that (p, x0) ∈ R¯ . Since (p, x0) /∈ P (R¯), we conclude that (x0, p) ∈ R¯ . Hence, K(x0) ∪ {p} is an R-cycle, a contradiction
because of the maximal character of K(x0). Therefore, K(x0) is a minimal R-undominated subset of X . The last conclusion
completes the proof of the theorem. 
Andrikopoulos [5, Theorem 13] provides an economical characterization of GOCHA set as follows: Let R be a binary
relation on a topological space (X, τ ) and let u be a generalized weak representation of R .2 Then, x belongs to the GOCHA
set if and only if x maximizes u on X . In the following, it is shown the maxima of these representations correspond to the
different levels of satiation that each of individual has.3 This result in connection with Theorem 1 shows that in upper
compact sets of alternatives, an individual always reaches his level of satiation.
Deﬁnition 2. ([4, Deﬁnition 4]) Let R be a binary relation on X . The generalized weak binary relation S corresponded to R is
deﬁned as follows:
for all x, y ∈ X, xSy if and only if (y, x) /∈ P (R).
If R is asymmetric, then the notion of the generalized weak binary relation coincides with the notion of weak binary
relation deﬁned by Schwartz [17, p. 143].
Zhou and Tian [26, Deﬁnition 4] give a deﬁnition of transfer continuity for weak binary relations as follows: A binary
relation R deﬁned on a topological space (X, τ ) is transfer weakly upper continuous, if for any x, y ∈ X , xRy implies that there
exists x′ ∈ X and a neighbourhood of y, N(y), such that (z, x′) /∈ R for each z ∈ N(y). If x′ = x, then the notion of transfer
weakly upper continuity coincides with the notion of weakly upper continuity deﬁned by Campbell and Walker [10].
We now give a general deﬁnition of transfer continuity for weak binary relations.
Deﬁnition 3. Let (X, τ ) be a topological space and let R be a binary relation deﬁned on X . Then, R is said to be generalized
transfer weakly tc-upper semicontinuous if, whenever xP ( S¯)y, there exists a point x′ and an R-lower open neighbourhood
N(y) of y such that x′P ( S¯)z for all z ∈ N(y).
In complete and negative consistent binary relations transfer weakly upper continuity implies generalized transfer weakly
tc-upper semicontinuity.
As an immediate consequence of Deﬁnition 2, it follows that the Smith set of R in X is equivalent to the Schwartz set
of S in X . Thus, Theorem 1 and Deﬁnition 3 imply the following result:
Theorem 2. Let R be a binary relation on X. The following conditions are equivalent:
(i) the Smith set of R in X is non-empty,
(ii) there exists a compact topology τ on X such that R is generalized transfer weakly tc-upper semicontinuous,
(iii) there exists an R-upper compact topology τ on X such that R is generalized transfer weakly tc-upper semicontinuous.
2 A generalized weak representation of a binary relation R is a real function u such that xP (R)y implies u(x) > u(y) and xI(R)y implies u(x) = u(y)
(see [5, Deﬁnition 1]).
3 An individual prefers a commodity because of the satisfaction or utility which receives from consuming it. Up to a point, the more preferable the
commodity is, the greater the utility received. At some level of consumption, the utility received by the individual from consuming the commodity reaches
a maximum. In this case, we say that the individual reaches his level of satiation. That is, the individual has so much, that an increase of the consumption
of an alternative product/service brings no increase in utility.
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In the cases considered by Sloss [20], Brown [9], Bergstrom [6] and Walker [23], if a binary relation R deﬁned on a
topological space (X, τ ) is upper semicontinuous and the underlying set X is compact, then the set of R-maximal elements
obtained is compact too (see 7.12 in Border [7]). Alcantud considers a condition weaker than upper semicontinuity for R
and a weaker condition than compactness in the underlying set X and he proves that the set of R-maximal elements is
R-upper compact.
Similarly, we show that in the case where an arbitrary binary relation is generalized upper tc-semicontinuous and the
underlying set is R-upper compact then the Schwartz set of R in X is R-upper compact.
Theorem 3. Let R be a binary relation on a topological space (X, τ ). Suppose that X is R-upper compact and the relation R is
generalized upper tc-semicontinuous. Then, the Schwartz set of R in X is R-upper compact.
Proof. We ﬁrst prove that the Schwartz set of R in X equals to
⋂
x∈X (X − {y ∈ X | xP (R¯)y}). Suppose that D is the family
of all minimal R-undominated subsets of X . Since the Schwartz set of R in X equals to
⋃D, we must show that
⋃
D =
⋂
x∈X
(
X − {y ∈ X | xP (R¯)y}).
By the proof of Theorem 1 we know that
⋃D ∩⋃x∈X {y ∈ X | xP (R¯)y} = ∅. Therefore,
⋃
D ⊆
⋂
x∈X
(
X − {y ∈ X | xP (R¯)y}).
To show that
⋂
x∈X (X − {y ∈ X | xP (R¯)y}) ⊆
⋃D, let y∗ ∈⋂x∈X (X − {y ∈ X | xP (R¯)y}). Then, for each x ∈ X we have
(x, y∗) /∈ P (R¯). We prove that y∗ belongs to a minimal R-undominated subset of X . If for each x ∈ X we have (x, y∗) /∈ R ,
then {y∗} is a minimal R-undominated subset of X . Otherwise, there exists x ∈ X such that (x, y∗) ∈ R ⊆ R¯ . Since (x, y∗) /∈
P (R¯), we conclude that (y∗, x) ∈ R¯ . Let K(y∗) be the R-cycle containing y∗ that is maximal in the sense that it is not a
proper subset of any other R-cycle containing y∗ (the existence of such an R-cycle is guaranteed by the Lemma of Zorn). We
prove that K(y∗) is a minimal R-undominated subset of X . To prove that K(y∗) is R-undominated, suppose to the contrary,
that (p,q) ∈ R for some p ∈ X \ K(y∗) and q ∈ K(y∗); to deduce a contradiction. It follows that (p, y∗) ∈ R¯ which jointly
with (p, y∗) /∈ P (R¯) imply that (y∗, p) ∈ R¯ . Hence, p ∈ K(y∗), a contradiction. Clearly, K(y∗) is a minimal R-undominated
subset of X . Hence, y∗ ∈⋃D. Because the intersection of closed upper sets is again a closed upper set, the Schwartz set is
R-upper compact, by [1, Lemma 2]. 
Similarly, if R is a binary relation deﬁned on a topological space (X, τ ) such that X is R-upper compact and for each
x ∈ X , the sets {y ∈ X | xP ( S¯)y} are open, then the Smith set is an R-upper compact set.
Proposition 4. Let X be a non-empty set of alternatives and let R be an acyclic binary relation over X. Then, the Schwartz set of R in X
is equivalent to the set of R-maximal elements.
Proof. Suppose that x belongs to the Schwartz set of R in X . Then, there exists an R-undominated subset D of X such that
x ∈ D . We prove that x ∈ M(R). Suppose to the contrary that x is not an R-maximal element. Then, there exists a y∗ ∈ X
such that (y∗, x) ∈ R . Since for each y ∈ X \ D , we have (y, x) /∈ R , we conclude that y∗ ∈ D . Hence, the acyclicity of R
implies that (x, y∗) /∈ R¯ . Let
D∗ = {y ∈ D | (x, y) /∈ R¯}.
Then, {y∗} ⊆ D∗ ⊆ D . We show that this last conclusion leads to a contradiction. Indeed, suppose that D∗ = D , then D \{x} ⊂
D is an R-undominated subset of X , which is impossible because of the minimal character of D . It remains to exclude the
case D∗ ⊂ D . In fact, if this is the case, then for each t ∈ D \ D∗ and each s ∈ D∗ there must hold (t, s) /∈ R¯ , for otherwise,
from (x, t) ∈ R¯ (t ∈ D \ D∗) and (t, s) ∈ R¯ we must have (x, s) ∈ R¯ which is impossible since s ∈ D∗ . Therefore, we have
(t, s) /∈ R . Hence, D∗ ⊂ D is an R-undominated subset of X which is impossible. This contradiction implies that x is an
R-maximal element. Conversely, if x is an R-maximal element, then {x} is a minimal R-undominated element of X . 
Since acyclicity of R implies P (R¯) = R¯ , the following result is an immediate consequence of Theorem 3 and Proposition 4.
Corollary 5. ([1, Proposition 2]) Let R be an acyclic binary relation deﬁned on a topological space (X, τ ). Suppose that X is R-upper
compact and R is upper tc-semicontinuous. Then, the set of R-maximal elements is non-empty and R-upper compact.
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In the present paper, we introduced the notion of generalized transfer tc-upper semicontinuity which extends all the
well-known continuity conditions. Suppose that R is a binary relation deﬁned on a topological space (X, τ ). The binary
relation R to have, non-empty choice set, given y ∈ R(x), the conventional continuity conditions describe relations between x
and an open neighbourhood of y. However, to characterize the existence of non-empty choice sets for R , the topological
structure of R below the level of y is irrelevant and only the topological structure of R above the level of y is important.
Therefore, we do not need to know the topological relations between x and an open neighbourhood of y. We only need to
know the relation between an open neighbourhood of y and an element x′ in its “upper” part of this neighbourhood. If we
suppose that R satisﬁes the continuity condition P , it can be seen that R is transfer P on X if it is P by choosing x′ = x.
Although transfer continuities ensure the existence of non-empty choice sets in a more general framework (arbitrary binary
relations and R-upper compact topologies), they cannot do that always in R-upper compact subspaces. This is due to the
fact that a transfer continuity condition is not a “local” property, in the sense that we cannot ensure the existence of non-
empty choice sets in closed subsets of X . But in many cases, we are interested not just in the best choices of a single set X ,
but rather in the best choices of all the members of a family K of subsets of X . For example, in the theory of consumer
we are interested in the best choices in the family of all possible budget sets; Similarly, in the theory of production we
are interested in the best choices in the family of all possible production sets, etc. The key to solve this problem is the
notion of generalized upper tc-semicontinuity deﬁned in [3]. Consider for example Theorem 1: The R-upper compactness
and the continuity assumption (generalized transfer upper tc-semicontinuity) in this theorem imply the existence of the
ﬁnite set {y(x1), . . . , y(xn)} which plays a central role in the proof. But, when we pass to an R-upper compact subspace
(A, τA) of X (if we use the relative topology τA ), we cannot apply the proof of Theorem 1 in (A, τA). This happens because,
while the points x1, . . . , xn belong to A, the members of {y(x1), . . . , y(xn)} do not necessarily belong to A. On the other
hand, if we replace the generalized transfer upper tc-semicontinuity condition with the generalized upper tc-semicontinuity
condition, the set {y(x1), . . . , y(xn)} is replaced by the set {x1, . . . , xn} the members of which belong to A. Hence, the results
of Theorems 1 and 2 are valid in any R-upper compact subset of X . Keeping in mind the last conclusion and combining
the fact that in acyclic binary relations: (a) The notions of generalized upper tc-semicontinuity and upper tc-semicontinuity
coincide and (b) the Schwartz set of R coincides with the set of R-maximal elements (Proposition 4), we conclude that
Theorem 1 generalizes all the well-known theorems on the existence of maximal elements of acyclic binary relations.
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